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NOTE ON PREVALUATION DOMAINS

MICHINORI YAMASHITA

ABSTRACT. We study the structure of cne-dimensionsl prenaramal damain
and ihow the thearem of independence of prevaluation damains

1. INTRODUCTION

The author intoroduced a concept of prevaluation rings in [6] for the study of the
properties Pie{R) & Pie{R|X, X)) and the seminormality due to Traverso([5]).
The purpose of this short note is to show the structure of one-dimensional prenormal
domain. In particular, if R = (R, m, k) is local, v{m) = dimg H/m#.

2. DEFINITIONS AND NOTATIONS

We mean by a ring a commutative ring with identity, The undefined terminology
is, in general, the same as that in [4] or [3].

Motation 2.1.  (2.1.1) & denotes the derived normal ring of R.
(2.1.2) Q(R) denotes the field of quotients of R.
(2.1.3) x(p) denotes the residue field of B,.
(2.1.4) X' (R) denotes the prime ideals of height one in R.
(2.1.5) Lp(M) = (M) denotes the length of an R-module M.
(2.1.6) (R, m, k) denofes a qguasi-local ring uwith residue field k.

Definition 2.2. (|6]) Let B be an integral domain with Q(R) = K. Then R is said
to be o prevaluction domain of K, then either £ € R or r~! e R. Inparticular, R
i said to be a discrele prevaluation domain if B is noetherian.

Definition 2.3. ([1]) Let (R, m) be a local domain of dimension one and lef 7 be
the Jacobson radical of R. Then R is said o be a weak diserele valuation domain
if we have m = & in the sel-theoretical sense.

Definition 2.4. An integral domain R is called o pre-Krull domain if the following
two condilions are sabisfied;

(24.1) If p € X'(R), then R, is a discrete prevaluation domatn.

[2.4.2) Any non-zero principal ideal of R is the infersection of a finite number
af height one.

The condition (2.4.2) above 15 equivalent fo the folloutng fuo conditions:

(24.2a) Any principal ideal of B has only a finite number of prime divisor of
height one,

(2.4.26) R = Np Ry, where p & X' (R)
Definition 2.5. An integral domain B i3 called o weak Krull domain f the follow-
ng two conditions are satisfied:

{2.5.1) Ifp € X'(R), then R, is a weak discrete valuation domain.
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(2.5.2) Any non-zero principal ideal of R is the intersection af o finite number
of primary ideals of height one.

Definition 2.6. ([2]) A ring R is a Mori ring if it is reduced and i is finite over
R.

Definitlon 2.7. ([6]) Let R be a ring, T an overring of R integral over K. We set
Ry ={x€T|z€ R, +ql;,vq € Spec(T),¥p = q1 R}

R is called the prenormalization of R in T, and if R = RS, then R is colled
prenormal in T, If T = R, we put R® = RY., and R is called prenormal if R = K.

Definition 2.8. ([5]) Let R be a ring, T an overring of R integral over B. We set

Ry ={zeT|ze R+ JNT;).¥p € Spec(R)}

where J(T,) o5 the Jocobson radical of T},. R}uuﬂkﬂﬂ:z:m:mrﬂmm of
RIHT,GMJH-HT then R is colled seminormal in T. If T = R, we put
R* = R, and R is colled seminormal if R = R*.

Definition 2.9. Then Ry is the largest ring R® between R and T satisfying the
Jollowing properties:

{2.9.1) For every p € Spec(R), there is o unique prime ideal p* aof B* lying over
pand p* satisfies a(p*) = K(p).

Definition 2.10. Let R be o reduced ring. R is said to be quasinermal if canenical
hemomorphism of the Picard groups Pic(R) — PicR[X, X ™) is an isomer-
pfeesrm,

Definition 2.11. Let (R,m, k) be o Macoulay local domain of dimension d. The
type of R, r{R), is defined by

r{R) = dimy Exth(k, E)

3. PREVALUATION DOMAINS
We begin with some straight forward abservations:

Proposition 3.1. (3.1.1) Let R be o prevaluation domain of K and let T be an
integral domain such that RC T C K. Then T is a prevaluation domain.

(3.1.2) A normal prevaluation demain s a veluation domain. In particular, If
R is a prevaluation domain, then ] is a valuation domain, hence B is a quasi-lecal
domain.

(3.1.3) There exists o prevaluation demain, which is not o valuation domain.

Ezample: Let K C L be fields and L is finite algebraic over K. Then K + X -
LILX]| is the required ezample.

(3.1.4) A noetherian prevaluation domain is a discrete parevaluation domain by
the theorem of Krull Akizukif]4](33.2))

(3.1.5) There erists o discrefe prevaluction domain which s net noetherion.

Ezample: Let K C L be fields and L is infinite algebraic over K. Then K + X -
LX) is the required ezample.

The following proposition is an immediate consequence of Definition(1.2), too.
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Proposition 3.2. Let R be an integral domain with Q(R) = K. Then the following
stafements are equivalent.

(3.2.1) R iz a prevaluation domain of K.

(3.2.2) Ya,b€ R, a € bR or b ali

(3.2.3) R is o valuation domain and the morimal ideal of R s set-thoretically
equal to the marimal ideal of R.

(3.24) R is a valuation domain and |, for any prime ideal p of R, a maezimal
ﬂmfnfﬁ,uu:!hmnmlhmﬂm;

Proof. (3.2.1) <= (3.2.2) is nothing but a restatement of the definition.

(3.2.1) == (3.2.3): By (3.1.2) R = (R, ™) is & veluation domain. Then R is o
#uﬂ-hhmldﬂmm{ﬂ m). Jtis clear that m is contained in fm. Take an element of

m, say x. Since K is a valuation domain, :r'luﬂolrrlﬁ Hence z & RNm = m,

(3.2.3) ==+ (3.2.1): Suppose z—1 is not in R. Since B = (R, m) is a prevaluation
dotain, £ isinm, HencezeEm=mc R,

(3.2.3) == (2.2.4): This is straight forward by (3.6.2).
Corollary 3.3. A noetherian prevaluation domain is a unibranched weak discrefe
valuation defmain.

Corollary 3.4. A prevaluation domain is seminormal,

FProaf. Let p be any prime ideal of K and EEtJ{.ﬁ.}hattha.mbmn radical of
R,. Since R, is a prevaluation domain by (3.1.1), J(R,)=J(R,) by (3.2). Hence
J{Rp) € Ry . Thus B* = A[R, + J(R,)] = nR, = R.

Corollary 3.5. A prenormal domain is seminormal
Proaf. It is obvious by the preceding prool.

FProposition 3.8, Let B be a prevaluation domain of K and lef p be a prime ideal
of Bfp. Then, the follouing statements holds,
(3.6.1) If a iz an element of R which 2 not in p, then p is confained in af.
(3.6.2) p is sel-theoretically equal to pR,.
(3.6.3) R/p 15 a prevaluation domain.

Proof. (3.6.1): Let x be any arbitrary element of p. Suppose £ is not an element
of aR. By (3.2), @ is an element of =R, pamely a/z is an element of K. Therefore
we have

fefz)" +alafz)™ ' 4t em=0  (&1,-i6m € R).
Henee o™ 15 an element of z/. Since ./ is contained in p, a 15 an element of p, &
contradiction,

(3.6.2): Let = be any element of pRy. Then there iz an element 5 of R which ks
not in p and such that { = sr is in p. Since 5 5 not In p, R < s/ by (3.6.1), and
we have £ & K. Moreover, since 8z is in p, = i5 an element of p.

(3.6.3): Let a, b be elements of R and d.e.m't-eh}"_-}__r-_l}__e image of a in Afp. Since

either @ € bR or b € aR, either & € B(R/p) or b a(R/p) = a(R/p).

Proposition 3.7. Let (R, m k) be o noetherion preveluction domain with k=
[ﬁ,ﬁ.,fc,‘l. Then v(m) =1f: + k] -

Proof. Let = be an element of R such that 8 = @ and let the y;'s be elements
of R such that m = zR 4+ R + -+« 4 ey B where v{mi) = £. Since gy is also an

]



MOTE O PREVALUATION DOMAINS (MY AMASHITA)

&2

element of & = 28, ¥y = Tuy, where u; isa.ndg:nmnfﬁand is & unit of ff by
(3.2). Thus the u;(modulo m)'s are the basis of k over k. Therefore £ = [k : k].

Eum]lu_:,r 3.8. Let (R,m, k) be a noetherian prevaluation domain with r(R) = s
and put R = (R, @, k). Then we have [k: k] = 5 + 1.

Proof. Let z be an element of R such that zR = &. Hence T = (T\n) =
(R/xR, m/zR) is a local ring of dimension zero with r(T) = 5. Therefore £1(0 :
n) =5 On the other hand, we can see that (0 : n)r = n by the proof of (3.7). Thus
we see that v(n) =&, Le, v(m) =54 1. Hence [k: k] =5+ 1.

Then we have

Theorem 3.9. Let (R, m.k) be o Mori local domain of dimension one which is not
normal. The following statements are equivalent:

(3.9.1) R is prenormal and v{m) = 2,

(3.9.2) R is prenormal and Gorensicin.

(3.9.3) R is prenormal and r(R) = 1. :

(3.9.4) R is a prevaluation domain and dimg R/mf = 2.

(3.9.5) R is a prevaluation domain and Hilbert pelynomial of B iz fin)=2n+1.

(3.9.6) e(R) = 2 and R/mR is an itegral domain.

(3.9.7) e(R) = 2 and gr(R) is an itegral domain.

If moreover R eontains o field the above are equivalent to:

(3.9.8) The completion of R is R = k + X - k{u)[[X]]. where k{u) is o field
extension of degree £ of k and X is o transcendental element over k.

Proof. It is clear that (3.9.1)¢=(3.9.2) e=+({3.0.3) +=(3.9.4) 4= (3.9.5) s==(3.9.6) e=={3.0.7).
(3.9.4)¢=+(3.9.8): This is straight forward by the structure theorem of complete
local rings([4],(31.1)).

Corollary 3.10. Let (R,m, k) be o Mori domain of dimension one which is not
nermal. The following statements are equivalent:

{3.10.1) R is prenormal and vim) =t + 1

(3.10.2) R is prenormal and r{R) = 1.

(3.10.3) R is a prevaluation domain and dimy R/mf = ¢ + 1.

(3.10.4) R is o prevaluation domain and the Hilbert polynomial of R is fin) =
(¢4 1jm < 1.

(3.10.5) e(R) =t + 1 and R/mR is an integral domain

(3.10.6) e[ R) =t + 1 and gr{R) iz an integral domain.

If moreover R contains a field the above are equivalent fo:

(3.10.7) The completion of R is R = k 4 X - L[|X]), where L is a field extension
of degree ¢ + 1 of k and X is & transcendental element over k.

Finally we have add here next remark on prevaluation domains.
Corollary 3.11. Let a domain R be the intersection W, MW M- W, where

the Wy ‘s are prevaluation domains between R and Q(R). Then W; has the form
Ry, for a suitable p; € SpecR).
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